We consider the n-body problem defined on surfaces of constant positive curvature. For the 5 and 7-body problem in a collinear symmetric configuration we obtain initial positions which lead to relative equilibria. We give explicitly the values of masses in terms of the initial positions. For positions for which relative equilibria exist, there are infinitely many values of the masses that generate such solutions. For the 5 and 7-body problem, the set of parameters (masses and positions) leading to relative equilibria has positive Lebesgue measure.
Introduction
We consider the generalization of the gravitational n−body problem to spaces of positive constant curvature proposed by Diacu, Pérez-Chavela and Santoprete [6, 7] . The problem has its roots on the ideas about non-Euclidean geometries proposed by Lovachevski and Bolyai in the 19th century [2, 11] . For more details about the history of this fascinating problem we refer the interested readers to [3] .
In this paper we focus on a special type of solutions, the so called relative equilibria. Roughly speaking, they are solutions of the equations of motion where system of particles moves as a rigid body, or in other words where the mutual distances between the particles remain constant along the time. In the classical gravitational Newtonian case these kind of solutions have been deeply analyzed since the Euler and Lagrange times until present days. Relative equilibria in curved spaces (positive and negative curvature) have been also widely studied in recent years, see for instance [3, 4, 5, 6, 8, 9, 10, 14, 15, 16, 17] , where existence, stability and bifurcations, among others properties of different families have been studied.
In the negative curvature case, recently the authors analyzed the collinear relative equilibria for 5 and 7 bodies on negative curved spaces, founding some interesting results [15] . This paper is a natural continuation on this research line.
A collinear relative equilibria in curved spaces is a relative equilibrium where the particles lie at every time t on the same rotating geodesic. The results presented on this paper are, as mentioned above, are related with symmetric collinear relative equilibria for the 5 and 7-body problem on positive curved spaces. In both cases we tackle the problem about the distribution of the particles in order to get relative equilibria. We show that for positions that generate relative equilibria there exist infinitely many values of masses that lead to those solutions. The set of parameters (positions and masses) has positive Lebesgue measure.
We have also get conditions for the no existence of relative equilibria, in fact this result is generalized for the general n−symmetrical case.
Statement of the main results
Consider a surface of constant curvature 1. In this paper we use the stereographic model M 2 , given by the complex plane C endowed with the metric ds = 4dzdz (1 + |z| 2 ) 2 , z = u + iv ∈ C.
(1)
We denote by z i the position of the particle with mass m i . The distance between any two points in this space satisfies cos(d(z k , z j )) = 2(z kzj + z jzk ) + (|z k | 2 − 1)(|z j | − 1) (|z k | + 1)(|z j | + 1) .
The potential is given by
And the kinetic energy is defined by
From the Euler-Lagrange equations, the equations of motion take the form
where
The main results of this paper are the following Theorem 1. In the 5-body problem on M 2 we consider 5 particles on the same geodesic with masses m 1 = µ, m 2 = m 3 = 1 and m 4 = m 5 = m, and initial positions (Figure 1 ),
• If ar − 1 < 0, then do not exist relative equilibria.
• For any other parameters, there exist relative equilibria.
Theorem 2. In the 7-body problem on M 2 , we consider particles on the same geodesic with masses m 1 = µ, m 2 = m 3 = 1, m 4 = m 5 = M. m 6 = m 7 = m, and initial positions
The equator of S 2 under the stereographic projection goes to the unit circle on M 2 , we call it the geodesic circle.
• If m 2 , m 3 , m 4 , m 5 , m 6 , m 7 lie inside the geodesic circle, then do not exist relative equilibria.
• If m 2 , m 3 , m 4 , m 5 , m 6 , m 7 lie outside the geodesic circle, then there exist initial positions that generate relative equilibria.
• If m 2 , m 3 lie inside the geodesic circle, and m 4 , m 5 , m 6 , m 7 lie outside the geodesic circle with y < z < 1 x , then do not exist relative equilibria. If y < 1/x < z or 1/x < y < z then it is possible to find relative equilibria.
• If m 2 , m 3 , m 4 , m 5 lie inside the geodesic circle, and m 6 , m 7 lie outside the geodesic circle with z < 1/y, then do not exist relative equilibria. If 1/y < z < 1/x or 1/x < z then it is possible to find relative equilibria.
Before to proceed with the proof of the above results we must point the formal definition of relative equilibria and the frame work in which we will be working.
Let Iso(M 2 ) be the group of isometries of M 2 , and let {G(t)} be a one-parametric subgroup of Iso(M 2 ).
Definition 3.
A Relative Equilibrium of the curved n-body problem is a solution of (2) which is invariant relative to the subgroup {G(t)}.
It is well known that, in order to obtain relative equilibria on M 2 , it is enough to study solutions given by the action w(t) = e it z(t) (see [13] ), i.e. solutions of the equations of motion where the orbits of the bodies are Euclidean circles. In the same paper, the authors show the necessary conditions for the existence of relative equilibria, which are given by:. Proposition 4. Consider n point particles with masses m 1 , m 2 , . . . , m n moving on M 2 . A necessary and sufficient condition for the solution z 1 , z 2 , . . . , z n of (2) to be a relative equilibrium is that the coordinates satisfy the following system given by the rational functions:
It is clear, as they show, that for three particles placed on a geodesic, there exist masses and positions that satisfy such condition. For n ≥ 4 nothing is know until now. The ideas to extend the results about the existence of relative equilibria for n ≥ 4, are simple and clear, nevertheless the computations are not easy, as we will show in this work.
Proof of Theorem 1
For the symmetric collinear 5-body problem, after a suitable rotation, without loss of generality we can consider the initial positions for the configuration as z 1 = 0, z 2 = −z 3 = a, z 4 = −z 5 = r (see Figure 1) . First case. This case corresponds to the particles lying inside the geodesic circle defined in Theorem 2, i.e. 0 < a < r < 1 . Using equation (3) for particle z 2 and z 4 , we have 1 8
Then ∂H ∂a = 0 iff a 1 = 1 − r r + 1 or a 2 = r + 1 r − 1 . We take a 1 since a ∈ (0, 1).
The value a 1 is a minimum (for a fixed r) since ∂ 2 H ∂a 2 = 4(r + 1) 4 (r 2 + 1) 4 > 0. Then we compute H a = 1 − r a + r , r = (r 2 + r + 2)(2r 2 − r + 1) (r 2 + 1) 4 > 0, r = (0, 1).
Lemma (5) implies that second equation of system (14) is never satisfied, since left part is positive and right part is negative for a, r < 1.
Second case. We have 1 < a < r. Using condition (3) then
We need to see whether or not there exist parameters a, r, µ and m such that last system is satisfied. Adding both equations of system (6) we have
with
The sign of A can be positive or negative. From equation (7) we have
We have that there exist masses that generate relative equilibria if A − Bµ > 0 or
The mass relation is given by
Third case. We have 0 < a < 1 < r.
Here we have two sub cases, when ar − 1 < 0 or ar − 1 > 0. Recall that ar − 1 = 0 correspond to a singularity of the equations of motion.
Consider first the subcase ar − 1 < 0.
(10)
Proof. We have
The function D(x) has only one positive root (Descartes' rule of signs) between x = 1 and x = 2, we also have D(0) = 1. The function h(x) is easy to check that is positive if x > 0.
Since f (x) is also positive, we conclude A 1 > 0.
By the above lemma, for this subcase, the first equation of system (10) has no solution. Hence there are not relative equilibria for this positions. Now consider the subcase ar − 1 > 0
If we add both equations of system (11), then we have
The sign of F 1 can be positive or negative. From equation (12),
We have that there exist relative equilibria if
The mass relation is
We summarize the conditions in the following table. Consider the values in (8) and (13) .
Positions
Masses
Corollary 7. In the 4-body problem on M 2 we consider 4 particles on the same geodesic with masses m 1 = m 2 = 1 and m 3 = m 4 = m, in a symmetric configuration with initial positions z 1 = −z 2 = a > 0 and z 3 = −z 4 = r > a. Then do not exist relative equilibria.
Proof.
It is enough to analyze the cases a < r < 1 and a < 1 < r with ar < 1. The proof is similar as in the previous theorem, by considering µ = 0. It is enough to analyze the case a < r < 1 and if a < 1 < r the case ar − 1 < 0.
• Case a < r < 1
The condition (3) is 1 8
Lemma 5 implies that there is no solution for the second equation.
• Case a < 1 < r, ar < 1 Condition 3 is
We previously checked that
Hence first equation has no solutions and we conclude that there are not relative equilibria.
Proof of Theorem 2
• Case: m 2 , m 3 , m 4 , m 5 , m 6 , m 7 lie inside the geodesic circle.
We start by considering m 2 , m 3 , m 4 , m 5 , m 6 , m 7 inside the geodesic circle. This case correspond to x < y < z < 1. Using condition (3) for particle z 6 we obtain (see Figure 2) .
Last equation is never satisfied for µ, M, m > 0, since left part is positive. The proof where left part is positive is similar as in lemma (5).
• Case: m 2 , m 3 , m 4 , m 5 , m 6 , m 7 lie outside the geodesic circle.
In this case, system (3) takes the form
Seven bodies on a geodesic in M 2 , with x < 1 < y < z at time t > 0.
Let be
System (17) becomes
Lemma 8.
Proof. The function A 1 can be written as The
We need to see if last system has positive solutions for M and m.
Adding both equations of last system we get
We have The equation for this case corresponding to particle m 2 is
The factors for m and M in the last equation can be seen as
Hence (23) is never satisfied, since left part of the equation is positive (Lemma 6).
• Case: m 2 , m 3 lie inside the geodesic circle andm 4 , m 5 , m 6 , m 7 lie outside the geodesic circle, with y < 1/x < z.
The equations of motion become
We have a 1 , a 2 , a 3 , b 1 , b 3 < 0; A 1 , A 2 , b 2 , c 1 , c 2 , c 3 > 0 (A 1 is positive by Lemma 6). System (24) becomes 
Adding last two equations, • Case: m 2 , m 3 lie inside the geodesic circle andm 4 , m 5 , m 6 , m 7 lie outside the geodesic circle, with 1/x < y < z.
The condition (3) become
We have a 1 , a 2 , a 3 , b 3 < 0 and A 1 , b 1 , b 2 , c 1 , c 2 , c 3 > 0. System (29) becomes
From the second equation,
Substituting into the other equations we have
Adding these two equations,
As in the previous case, among the functions A i , a i , b i , c i , i = 1, 2, 3, the only values that depend on x and y simultaneously are A 2 and b 1 . Fix x and z, and consider values of y close enough to
. This is enough to conclude the existence of m, M > 0 such that (33) holds. Notice that for this values of x, y, z we have µ > 0.
• Case: m 2 , m 3 , m 4 , m 5 lie inside the geodesic circle and m 6 , m 7 lie outside the geodesic circle, with x < y < 1 < z < 1/y. The equation corresponding to particle q 4 is
Left part of latter equation is positive by Lemma 5. Hence equation (34) is never satisfied for any µ, M, m > 0.
• Case: m 2 , m 3 , m 4 , m 5 lie inside the geodesic circle and m 6 , m 7 lie outside the geodesic circle, with x < y < 1 < 1/y < z < 1/x
The signs of A 1 and A 2 are given by lemmas (6) and (5), respectively. We have 
Adding the two equations,
Notice that c 2 and b 3 are the only equations that depend simultaneously on z and y. Fix y and x. We can take z in such a way that c 2 and b 3 are as large as we want, in this way we pick z such that −c 2 (
Then there exist µ and M positive such that (39) holds.
• Case: m 2 , m 3 , m 4 , m 5 lie inside the geodesic circle and m 6 , m 7 lie outside the geodesic circle, with x < y < 1 < 1/x < z
Notice that c 2 (
If we take 1/z close enough to 0, or z large enough, we have that a 3 is very large in absolute value, hence in this way we can choose z such that c 2 (a 1 + a 3 ) − a 2 (c 1 + c 3 ) < 0. At this point we can conclude that there exist µ and M positive such that (44) holds.
With all the above we have finished the proof of Theorem 2.
Corollary 9. In the 6-body problem on M 2 we consider 6 particles on the same geodesic with masses m 1 = m 2 = 1, m 3 = m 4 = M and m 5 = m 6 = m, in a symmetric configuration with initial positions z 1 = −z 2 = x > 0, z 3 = −z 4 = y > 0 and z 5 = −z 6 = z > 0 (x < y < z).
Proof. The proof is similar as in Lemma 7. Consider µ = 0.
• If m 2 , m 3 , m 4 , m 5 , m 6 , m 7 lie inside the geodesic circle, then this case correspond to x < y < z < 1.
Using condition (3) for particle z 6 we get, • Now we analyze the case when m 2 , m 3 lie inside the geodesic circle andm 4 , m 5 , m 6 , m 7 lie outside the geodesic circle, with y < z < 1/x.
The equation for this case corresponding to particle m 2 is
Hence (46) is never satisfied, since left part of the equation is positive.
• Case y < 1/x < z.
Considering µ = 0, system (26) becomes
From second equation m =
Substituting into the other two equations and adding them we have • Let us analyze the case when m 2 , m 3 lie inside the geodesic circle andm 4 , m 5 , m 6 , m 7 lie outside the geodesic circle, with 1/x < y < z.
System (31) becomes
With b 3 < 0, and
It is important to notice that A 2 and A 3 might be positive or negative, and last system makes sense only if A 2 , A 3 > 0. For y, z fixed, consider x close enough to 0 in such a way that A 2 , A 3 > 0, for this value of x, A 1 is very large.
From third equation from the above system
= m > 0. Substituting into the other two equations and adding them we have
It is easy to check that right part of last equation is positive. Left part is positive because we have chosen x such that A 1 is large enough. Hence, there exist M > 0 such that last equation holds.
We can generalize the above result for n masses with symmetric configuration for the case where no relative equilibria exist.
Proposition 10. Consider n (odd) particles on M 2 . We consider particles on the same geodesic with masses m 1 , m 2 = m 3 = 1, m 4 = m 5 , . . . , m n−1 = m n and initial positions 0 = z 1 < z 2 = −z 3 < z 4 = −z 5 < · · · < z n−1 = −z n . Then do not exist relative equilibria if
• The n particles are inside the geodesic circle.
• All the particles except the bodies 2 and 3 are outside the geodesic circle with z n−1 < 1/z 2
• All the particles except the bodies n − 1 and n are inside the geodesic circle with z n−1 < 1/z n−3 .
Proof.
• Case z n−1 < 1. Equation for particle n − 1 in condition (3) is
(z 2 2 + 1) 2 2(1 + z 2 z n−1 ) 2 (z 2 − z n−1 ) 2 − (z 2 3 + 1) 2 2(1 + z 3 x n−1 ) 2 (z 3 − z n−1 ) 2 .
By Lemma (5) we have − (1 − z 2 n−1 )z n−1 (1 + z 2 n−1 ) 4 + (z 2 2 + 1) 2 2(1 + z 2 z n−1 ) 2 (z 2 − z n−1 ) 2 + (z 2 3 + 1) 2 2(1 + z 3 x n−1 ) 2 (z 3 − z n−1 ) 2 > 0.
Hence expression (51) has no solution for m i > 0.
• Case z n−1 > z 4 > 1 > z 2 and z n < 1/z 2 . 
Equation for particle 2 in condition (3) is
Left part is positive by lemma (6 (z 2 6 + 1) 2 (1 + z 6 z 2 ) 2 (z 6 − z 2 ) 2 − (z 2 6 + 1) 2 (z 6 z 2 − 1) 2 (z 6 + z 2 ) 2 + · · · + m n−1 2 (z 2 n−1 + 1) 2 (1 + z n−1 z 2 ) 2 (z n−1 − z 2 ) 2 − (z 2 n−1 + 1) 2 (z n−1 z 2 − 1) 2 (z n−1 + z 2 ) 2 .
(54)
We have (z 2 i + 1) 2 (1 + z i z 2 ) 2 (z i − z 2 ) 2 − (z 2 i + 1) 2 (z i z 2 − 1) 2 (z i + z 2 ) 2 = z i z 2 (z 2 i + 1) 2 (z 2 i − 1)(z 2 − 1) (z i z 2 + 1) 2 (z i − z 2 ) 2 (z 1 z 2 − 1) 2 < 0, (55) for i = 4, 6, 8, . . . , n − 1. Hence expression (54) has no solution for m i > 0.
• Case z n−1 > 1 > z n−3 > z 2 and z n < 1/z n−3 . 
−
(z 2 2 + 1) 2 2(1 + z 2 z n−1 ) 2 (z 2 − z n−1 ) 2 − (z 2 3 + 1) 2 2(1 + z 3 x n−1 ) 2 (z 3 − z n−1 ) 2 + m n−1 2 (z 2 n−1 + 1) 2 (1 + z n−1 z 2 ) 2 (z n−1 − z 2 ) 2 − (z 2 n−1 + 1) 2 (z n−1 z 2 − 1) 2 (z n−1 + z 2 ) 2 .
Last expression can be seen as − (1 − z 2 n−3 )z n−3 (1 + z 2 n−3 ) 4 + (z 2 2 + 1) 2 2(1 + z 2 z n−1 ) 2 (z 2 − z n−1 ) 2 + (z 2 3 + 1) 2 2(1 + z 3 x n−1 ) 2 (z 3 − z n−1 ) 2 = − n−2 i=1,i =2,3,n−1 m i (z 2 i + 1) 2 2(1 + z i z n−1 ) 2 (z i − z n−1 ) 2 + m n−1 2 (z 2 n−1 + 1) 2 (1 + z n−1 z 2 ) 2 (z n−1 − z 2 ) 2 − (z 2 n−1 + 1) 2 (z n−1 z 2 − 1) 2 (z n−1 + z 2 ) 2 .
In last equation, left part is positive (Lemma 5) and right part is negative (as seen in equation 55 ).
